Published by Institute of Physics Publishing for SISSA/ISAS Received: March 19, 2003 Accepted: May 23, 2003

Comments on two-loop four-particle amplitude in superstring theory

Wu-Jun Bao

School of Physics, Peking University Beijing 100871, P.R. China E-mail: jbwu@pku.edu.cn

Chuan-Jie Zhu^∗

Institute of Theoretical Physics, Chinese Academy of Sciences P.O. Box 2735, Beijing 100080, P.R. China E-mail: zhucj@itp.ac.cn

Abstract: It is shown that the four-particle amplitude of superstring theory at two loops obtained in [1, 2] is equivalent to the previously obtained results in [3]–[5]. Here the Z_2 symmetry in hyperelliptic Riemann surface plays an important role in the proof.

Keywords: Superstrings and Heterotic Strings, Conformal Field Models in String Theory.

∗Supported in part by fund from the National Natural Science Foundation of China with grant Number 90103004.

© SISSA/ISAS 2003 http://jhep.sissa.it/archive/papers/jhep052003056 /jhep052003056 .pdf

In some previous papers [1, 2, 6] we have computed explicitly the two loop n-particle amplitude in superstring theory for all n ≤ 4 by using the newly obtained measure of D’Hoker and Phong [7]–[10] (for a recent review see [11, 12]). The new measure of D’Hoker and Phong is unambiguous and slice-independent. For all n ≤ 3 we proved that the nparticle amplitudes are identically zero. A simple expression was also obtained for the 4-particle amplitude which is independent of the insertion points of the supermoduli. Our explicit results beautifully verifies the result of D’Hoker and Phong, especially for the non-zero four-particle amplitude.

A natural question is the relation with the previously obtained result in [3]–[5] which had been proved to satisfy all the conditions for a qualified 4-particle amplitude. In particular, the explicit result has also been used by Iengo [13] to prove the vanishing of the 2-loop correction to the R^4 term [14], in agreement with the indirect argument of Green and Gutperle [15], Green, Gutperle and Vanhove [16], and Green and Sethi [17] that the R^4 term does not receive perturbative contributions beyond one loop. Recently, Stieberger and Taylor [18] also used the result of [3]–[5] to prove the vanishing of the heterotic two-loop F^4 term. For some closely related works we refer the reader to the reviews [19, 20].

In this paper we will show that the explicit results obtained by using different chiral measure are actually equivalent. This should be the case because they are all derived from first principle. In the proof we used the Z_2 symmetry of the conformal field theory on hyperelliptic Riemann surface.

Our starting point is the chiral integrand obtained in [2]: A = ⟨ : ∂X(q_1) · (∂X(q_1) + ∂X(q_2)) : 4∏ i=1 e^{iki·X(zi,z̄i)} ⟩_4 ∏ i=1 q − z_i y(z_i) . (1)

As we said in [2], we need to symmetrize in q_{1,2} to obtain an explicitly q independent result. This symmetrization is justified as follows. First we have

: ∂X(q_1) · (∂X(q_1) + ∂X(q_2)) : = 1 2 : ((∂X(q_1))^2 − (∂X(q_2))^2) : + + 1 2 : (∂X(q_1) + ∂X(q_2)) · (∂X(q_1) + ∂X(q_2)) :

= −(T (q_1) − T (q_2)) + + 1 2 : (∂X(q_1) + ∂X(q_2)) · (∂X(q_1) + ∂X(q_2)) : , (2)

where T (q_i) = −^1_2 : (∂X(q_i))^2 : is the stress energy tensor. In the above, the last term gives a q independent result (see [2]) and the first term will give an vanishing contribution to the amplitude after integration over z_i as we can prove as follows.

By the Z_2 symmetry of the conformal field theory on hyperelliptic Riemann surface^1 we have ⟨

T (q_1) 4∏ i=1 e^{iki·X(zi,z̄i)} ⟩ = ⟨ T (q_2) 4∏ i=1 e^{iki·X(z̃i,~z̄i)} ⟩ , (3)

1See [21]–[24] for works on conformal field theory on Zn Riemann surface.

– 1 – where z̃_i is the Z_2 transformed point of z_i, i.e., z̃_i and z_i are the two identical points on the two different sheets of the hyperelliptic Riemann surface. By using this result, we have ∫ 4∏ i=1 d^2z_i 4∏ i=1 q − z_i y(z_i) ⟨ T (q_1) 4∏ i=1 e^{iki·X(zi,z̄i)} ⟩ × (Right Part) =

= ∫_4∏ i=1 d^2z_i 4∏ i=1 q − z_i y(z_i) ⟨ T (q_2) 4∏ i=1 e^{iki·X(z̃i,~z̄i)} ⟩ × (Right Part)

= ∫ 4∏ i=1 d^2z̃_i 4∏ i=1 q − z̃_i y(z̃_i) ⟨ T (q_2) 4∏ i=1 e^{iki·X(z̃i,~z̄i)} ⟩ × (Right Part)

= ∫ 4∏ i=1 d^2z_i 4∏ i=1 q − z_i y(z_i) ⟨ T (q_2) 4∏ i=1 e^{iki·X(zi,z̄i)} ⟩ × (Right Part) . (4)

In the above we have used the Z_2 invariance of the integration measure d^2z_i and in the last step we have changed the dummy integration variables z̃_i’s back into z_i’s. We note that in the above proof we have symbolically denoted the contribution of the right part as (Right Part). For specific amplitudes the above reasoning can be justified completely. So effectively we can set T (q_1) = T (q_2) in the chiral integrand, as we have used in [2]. The chiral integrand is then given as follows: A = 1 2 ⟨ : (∂X(q_1) + ∂X(q_2))^2 : 4∏ i=1 e^{iki·X(zi,z̄i)} ⟩_4 ∏ i=1 q − z_i y(z_i) = − 1 2 ⟨(∂X^μ(q_1) + ∂X^μ(q_2))k_i · X(z_i)⟩ ×

× ⟨(∂X_μ(q_1) + ∂X_μ(q_2))k_j · X(z_j )⟩

⟨_4 ∏ i=1 e^{iki·X(zi,z̄i)} ⟩_4 ∏ i=1 q − z_i y(z_i) = − 1 2 4∑ i,j=1 k_i · k_j 1 q − z_i 1 q − z_j ⟨_4 ∏ i=1 e^{iki·X(zi,z̄i)} ⟩_4 ∏ i=1 q − z_i y(z_i) = s(z_1z_2 + z_3z_4) + t(z_1z_4 + z_2z_3) + u(z_1z_3 + z_2z_4) 2 ∏_4

i=1 y(z_i)

⟨_4 ∏ i=1 e^{iki·X(zi,z̄i)} ⟩ . (5)

Now we recall the result obtained in [3]–[5] for the 4-particle chiral amplitude. We have

Ã = { ⟨∂X(q_1) · ∂X(q_2) 4∏ i=1 e^{iki·X(zi,z̄i)} − 4I_{gh}(q) ⟨_4 ∏ i=1 e^{iki·X(zi,z̄i)} ⟩}_4 ∏ i=1 q − z_i y(z_i) , (6)

where

I_{gh}(q) = − 1 8 (_6 ∑ i=1 1 q − a_i − 2 3∑ i=1 1 q − b_i ) (_6 ∑ i=1 1 q − a_i − 4∑ k=1 1 q − z_k ) −

− 1 32 6∑ i=1 1 (q − a_i)^2 − 2 6∑ i<j 1 q − a_i 1 q − a_j + 8 3∑ i<j 1 q − b_i 1 q − b_j , (7)

– 2 – is the contribution from the ghost supercurrent. In the above expression the b_i’s are the three ghost insertion points and should be set to a_i if we choose a_{i=1,2,3} as the three moduli to be integrated.

By using the result of [2], we found that the contribution to the chiral integrand from X_1 + X_6 is given as follows:

A_1 + A_6 = 4∏ i=1 q − z_i y(z_i) {⟨ ∂X(q_1) · ∂X(q_2) 4∏ i=1 e^{iki·X(zi,z̄i)} ⟩ − − [ ∂_{q1} G_2(q_1, q_2) + ∂_{q2} G_2(q_2, q_1) +

+ (G_2(q_1, q_2) + G_2(q_2, q_1)) 4∑ k=1 1 q − z_k ] ⟨_4∏ i=1 e^{iki·X(zi,z̄i)} ⟩} (8) The expressions that we will need are given as follows:

G_2(q_1, q_2) + G_2(q_2, q_1) = − 1 2 Δ_1(q) + [ 1 q − p_1 (q − p_2)(q − p_3) (p_1 − p_2)(p_1 − p_3) + · · · ]

= − 1 2 Δ_1(q) + 3∑ a=1 1 q − p_a , (9)

∂_{q1} G_2(q_1, q_2) + ∂_{q2} G_2(q_2, q_1) = 3 8 Δ^2_1(q) + 1 4 Δ_2(q) + [ 1 q−p_1 ( 1 q−p_2 + 1 q − p_3 −Δ_1(q) ) × × (q − p_2)(q − p_3) (p_1 − p_2)(p_1 − p_3) + · · · ] (10) = 3 8 Δ^2_1(q)+ 1 4 Δ_2(q)−Δ_1(q) 3∑ a=1 1 q−p_a + 3∑ a<b 1 (q−p_a)(q−p_b) . (See [1, 2] for details and notations.) By direct comparison we found the following equality:

A_1+A_6 = { ⟨∂X(q_1) · ∂X(q_2) 4∏ i=1 e^{iki·X(zi,z̄i)} + 4I_{gh}(q) ⟨_4 ∏ i=1 e^{iki·X(zi,z̄i)} ⟩}_4 ∏ i=1 q − z_i y(z_i) , (11)

if we identify p_i = b_i, the three ghost insertion points. We note the important “+” sign in front of 4I_{gh}. This shows clearly that A_1 + A_6 is not the complete expression for the chiral integrand.

To prove that A and Ã give identical scattering amplitude, we first note the following: ⟨ ∂X(q_1) · ∂X(q_2) 4∏ i=1 e^{iki·X(zi,z̄i)} ⟩ =

= ⟨∂X(q_1) · ∂X(q_2)⟩ ⟨_4 ∏ i=1 e^{iki·X(zi,z̄i)} ⟩ −

− 4∑ i,j=1 ⟨∂X^μ(q_1)k_i · X(z_i)⟩⟨∂X_μ(q_2)k_j · X(z_i)⟩ ⟨_4 ∏ i=1 e^{iki·X(zi,z̄i)} ⟩

– 3 –

= { ⟨∂X(q_1) · ∂X(q_2)⟩ − 1 4 4∑ i,j=1 k_i · k_j 1 q − z_i 1 q − z_j +

+ 1 4 4∑ i,j=1 k_i · k_j f(q_1, z_i)f(q_1, z_j )

} ⟨_4 ∏ i=1 e^{iki·X(zi,z̄i)} ⟩ , (12)

by using the following explicit expression for the ⟨∂X(q_{1,2})X(z_i, z̄_i)⟩ correlator: ⟨∂X_μ(q_a)X_ν (z_i, z̄_i)⟩ = − η_{μν} 2 ( 1 q_a − z_i + f(q_a, z_i) ) , (13)

where f(q_a, z_i) = 1 T ∫ y(z_i) y(q_a) 1 q_a − z_i (q_a − u)(q_a − v) (z_i − u)(z_i − v) | | | u − v y(u)y(v) | | | 2 d^2ud^2v . (14)

From eq. (12), we see that the second term will give half of the result of A when we substitute it into Ã. It remains to compute the rest terms in Ã. We denote it as A_D and it is given as follows:

A_D = { ⟨∂X(q_1) · ∂X(q_2)⟩ + 1 4 4∑ i,j=1 k_i · k_jf(q_1, z_i)f(q_1, z_j ) − 4I_{gh}(q) } ×

× ⟨_4 ∏ i=1 e^{iki·X(zi,z̄i)} ⟩_4 ∏ i=1 q − z_i y(z_i) . (15)

As we proved in [3]–[5], the above expression is independent of q after integration over all moduli. To simplify the computation we can make a convenient choice for the insertion points q_{1,2} or q. We will take the limit q_1 → z_1. In this limit we have

A_D = z_{12}z_{13}z_{14} ∏_4

i=1 y(z_i) 1 2 4∑ j=2 k_1 · k_j f(z_1, z_j ) + 1 2 ( Δ_1(z_1) − 2 3∑ i=1 1 z_1−b_i ) ⟨_4 ∏ i=1 e^{iki·X(zi,z̄i)} ⟩ . (16) We will prove that the second term vanishes and the first term gives the other half of A. We note that this is the case only after we make this special choice for q.

First we start with the second term. By using the result of [4], we can change the integration over the moduli a_{1,2,3} and z_{1,···,4} into a_{1,···,6} and z_1 by fixing z_{2,3,4}. The chiral integrand doesn’t change and it is still given by the following expression:

A_{D2} = z_{12}z_{13}z_{14} 2 ∏_4

i=1 y(z_i)

(_6 ∑ i=1 1 z_1 − a_i − 2 3∑ i=1 1 z_1 − b_i

) ⟨_4 ∏ i=1 e^{iki·X(zi,z̄i)} ⟩ . (17)

The important point is the following: the rest part of the integrand is invariant under modular transformation, i.e., symmetric under a_i ↔ a_j. (We note that b_i = a_i.) On the other hand, A_{D2} is antisymmetric under the following modular transformation:

a_1 → a_4 , a_2 → a_5 , a_3 → a_6 . (18)

– 4 –

So after integration over all a_i’s, A_{D2} gives a vanishing result. This result can also be understood from another point of view. Because of modular invariance, each term in the summation in A_{D2} gives the same result after integration over all a_i’s and all of them add to zero.

The other term in (16) is:

A_{D1} = z_{12}z_{13}z_{14} 2 ∏_4

i=1 y(z_i) 4∑ j=2 k_1 · k_j f(z_1, z_j )

⟨_4 ∏ i=1 e^{iki·X(zi,z̄i)} ⟩ . (19)

In order to compute it explicitly, we first note the result of T (q_1) = T (q_2) proved before. Explicitly we have:^2

0 = ⟨ (T (q_1) − T (q_2)) 4∏ i=1 e^{iki·X(zi,z̄i)} ⟩

= 1 4 4∑ i,j=1 k_i · k_j { 1 q − z_i f(q_1, z_j ) + 1 q − z_j f(q_1, z_i)

} ⟨_4∏ i=1 e^{iki·X(zi,z̄i)} ⟩ , (20)

by using the explicit result for the ⟨∂X(q_a)X(z_i)⟩ correlator given in (13). If we set q_1 → z_1, we have ⟨ (T (q_1) − T (q_2)) 4∏ i=1 e^{iki·X(zi,z̄i)} ⟩ →

→ 1 2 1 q − z_1 4∑ j=2 k_1 · k_j f(z_1, z_j ) + 1 q − z_1 4∑ j=2 k_1 · k_j z_1 − z_j

⟨_4 ∏ i=1 e^{iki·X(zi,z̄i)} ⟩ = 0 . (21)

Substituting this result into eq. (19), we have

A_{D1} = − z_{12}z_{13}z_{14} 2 ∏_4

i=1 y(z_i) 4∑ j=2 k_1 · k_j z_1 − z_j

⟨_4 ∏ i=1 e^{iki·X(zi,z̄i)} ⟩

= s(z_1z_2 + z_3z_4) + t(z_1z_4 + z_2z_3) + u(z_1z_3 + z_2z_4) 4 ∏_4

i=1 y(z_i)

⟨_4 ∏ i=1 e^{iki·X(zi,z̄i)} ⟩ = A 2 . (22)

This proves A = Ã . (23)

Acknowledgments

Chuan-Jie Zhu would like to thank Roberto Iengo for suggesting the problem, reading the paper and comments. He would also like to thank E. D’Hoker and D. Phong for discussions.

2All equality, such as T (q1) = T (q2), should be understood as expressions inserted in the complete amplitude and integration over all moduli is implicit.

– 5 –

References

[1] Z.-J. Zheng, J.-B. Wu and C.-J. Zhu, Two-loop superstrings in hyperelliptic language, I. The main results, Phys. Lett. B 559 (2003) 89 [hep-th/0212191].

[2] Z.-J. Zheng, J.-B. Wu and C.-J. Zhu, Two-loop superstrings in hyperelliptic language, III.

The four-particle amplitude, hep-th/0212219.

[3] R. Iengo and C.-J. Zhu, Two loop computation of the four particle amplitude in heterotic string theory, Phys. Lett. B 212 (1988) 313.

[4] R. Iengo and C.-J. Zhu, Explicit modular invariant two-loop superstring amplitude relevant for R^4, J. High Energy Phys. 06 (1999) 011 [hep-th/9905050].

[5] C.-J. Zhu, Two loop computations in superstring theories, Int. J. Mod. Phys. A 4 (1989) 3877.

[6] Z.-J. Zheng, J.-B. Wu and C.-J. Zhu, Two-loop superstrings in hyperelliptic language, II. The vanishing of the cosmological constant and the non- renormalization theorem,

hep-th/0212198.

[7] E. D’Hoker and D.H. Phong, Two-loop superstrings, I. Main formulas, Phys. Lett. B 529 (2002) 241 [hep-th/0110247].

[8] E. D’Hoker and D.H. Phong, Two-loop superstrings, II. The chiral measure on moduli space, Nucl. Phys. B 636 (2002) 3 [hep-th/0110283].

[9] E. D’Hoker and D.H. Phong, Two-loop superstrings, III. Slice independence and absence of ambiguities, Nucl. Phys. B 636 (2002) 61 [hep-th/0111016].

[10] E. D’Hoker and D.H. Phong, Two-loop superstrings, IV. The cosmological constant and modular forms, Nucl. Phys. B 639 (2002) 129 [hep-th/0111040].

[11] E. D’Hoker and D.H. Phong, The geometry of string perturbation theory, Rev. Mod. Phys. 60 (1988) 917.

[12] E. D’Hoker and D.H. Phong, Lectures on two-loop superstrings, hep-th/0211111.

[13] R. Iengo, Computing the R^4 term at two super-string loops, J. High Energy Phys. 02 (2002) 035 [hep-th/0202058].

[14] D.J. Gross and E. Witten, Superstring modifications of Einstein’s equations, Nucl. Phys. B 277 (1986) 1.

[15] M.B. Green and M. Gutperle, Effects of D-instantons, Nucl. Phys. B 498 (1997) 195 [hep-th/9701093].

[16] M.B. Green, M. Gutperle and P. Vanhove, One loop in eleven dimension, Phys. Lett. B 409 (1997) 177 [hep-th/9706175].

[17] M.B. Green and S. Sethi, Supersymmetry constraints on type-IIB supergravity, Phys. Rev. D 59 (1999) 046006 [hep-th/9808061].

[18] S. Stieberger and T.R. Taylor, Non-abelian Born-Infeld action and type-I–heterotic duality, I.

Heterotic F^6 terms at two loops, Nucl. Phys. B 647 (2002) 49 [hep-th/0207026]; Non-abelian Born-Infeld action and type-I-heterotic duality, II. Nonrenormalization theorems, Nucl. Phys. B 648 (2003) 3 [hep-th/0209064].

– 6 –

[19] M.B. Green, Interconnections between type-II superstrings, M-theory and N = 4 Yang-Mills,

hep-th/9903124.

[20] E. Kiritsis, Duality and instantons in string theory, in Proceedings of the 1999 Spring Workshop on Superstrings and Related Matters, B. Greene, J. Louis, K.S. Narain and S. Randjbar-Daemi eds., World Scientific, Singapore 2000 [hep-th/9906018].

[21] L.J. Dixon, D. Friedan, E.J. Martinec and S.H. Shenker, The conformal field theory of orbifolds, Nucl. Phys. B 282 (1987) 13.

[22] Al.B. Zamolodchikov, Conform scalar field on the hyperelliptic curves and critical Ashkin-Teller multipoints correlation functions, Nucl. Phys. B 285 (1987) 481.

[23] M. Bershadsky and A. Radul, Conformal field theories with additional Z_N symmetry, Int. J.

Mod. Phys. A 2 (1987) 165; G loop amplitudes in bosonic string theory in terms of branch points, Phys. Lett. B 193 (1987) 213.

[24] V.G. Knizhnik, Analytic fields on Riemann surfaces, 2, Commun. Math. Phys. 112 (1987) 567.

– 7 –